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Par&al	Deriva&ve	of	the	Cost	Func&on
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Logis&c	RegressionLogis&c	Regression	

	is	a	 	vector	of	weights	 		
	is	a	 	matrix	of	observaGons	 	
	is	a	scalar	

	
	is	the	predicted	values	for	the	model	with	

parameters	 	and	

W k × 1 ω1, ω2, ω3 . . . ωk
X k × n x1, x2, x3 . . . xk
β

̂Y
W β

̂Y = σ(WTX + β)

LogisGc	Regression	uses	Maximum	Likelihood	
EsGmaGon	to	find	the	parameters	 	and	W β
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Logis&c	Regression
Logis&c	Regression	Cost	Func&on

L(W, β) = −
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y)

̂Y = σ(WT X + β)

Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	 	and	W β
∂

∂W
L(W, β) = ( ̂Y − Y) X

∂
∂β

L(W, β) = ( ̂Y − Y)

Lets	walk	through	the	steps	to	compute	the	parGal	
derivaGves	of	the	cost	funcGon	w.r.t	 	and	W β
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Logis&c	Regression
Logis&c	Regression	Cost	Func&on

L(W, β) = −
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y)

̂Y = σ(WT X + β)

Z = WT X + β

σ(x) =
1

1 + e−x

∂
∂W

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂W
Z

Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	 	and	W β

∂
∂β

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂β
Z

Lets	calculate	these	four	
parGal	derivaGves

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z

Chain	Rule	
See	Tutorial	on	DerivaGves
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Logis&c	Regression	

∂
∂β

Z =
∂

∂β
WTX + β = 1

Par&al	Deriva&ve	of	 	w.r.t	Z β

Z = WTX + β

	is	a	constant	for	the	parGal	
derivaGve	w.r.t	 	
	

WTX
β

∂
∂β

β = 1

Logis&c	Regression	Model

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z
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Logis&c	Regression	

∂
∂W

Z =
∂

∂W
WTX + β = X

Par&al	Deriva&ve	of	 	w.r.t	Z W

Z = WTX + β

	is	a	constant	for	the	parGal	
derivaGve	w.r.t	 	
	

β
W

∂
∂W

WTX = X

Logis&c	Regression	Model

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z

https://arrsingh.com
https://creativecommons.org/licenses/by-nc-sa/4.0/


Copyright	(c)	2025,	Rahul	Singh,	licensed	under	CC	BY-NC-SA	4.0	(hDps://creaGvecommons.org/licenses/by-nc-sa/4.0/)	 7

Logis&c	Regression	

∂
∂Z

̂Y =
∂

∂Z
(1 + e−z)−1

Par&al	Deriva&ve	of	 	w.r.t	̂Y Z

̂Y = σ(Z) =
1

1 + e−Z
= (1 + e−z)−1

Z = WTX + β

⇒
∂

∂Z
̂Y = − 1(1 + e−z)−2 ∂

∂Z
(1 + e−Z)

⇒
∂

∂Z
̂Y =

∂
∂Z

(1 + e−z)−1 ∂
∂Z

(1 + e−Z)

Logis&c	Regression	Model

Chain	Rule	
See	Tutorial	on	DerivaGves

Power	Rule	
See	Tutorial	on	DerivaGves

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z

⇒
∂

∂Z
̂Y = − 1(1 + e−z)−2 (−1)(e−Z) 	

	See	Tutorial	on	DerivaGves

∂
∂x

e−x = − e−x

⇒
∂

∂Z
̂Y = (1 + e−z)−2 e−Z
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Logis&c	Regression	
Par&al	Deriva&ve	of	 	w.r.t	̂Y Z

̂Y = σ(Z) =
1

1 + e−Z
= (1 + e−z)−1

Z = WTX + β
Logis&c	Regression	Model

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z

⇒
∂

∂Z
̂Y =

e−Z

(1 + e−Z)2

⇒
∂

∂Z
̂Y = ( ̂Y)2e−Z

									 	

	

̂Y =
1

1 + e−Z

⇒ ( ̂Y)2 =
1

(1 + e−Z)2

⇒
∂

∂Z
̂Y = (1 + e−z)−2 e−Z

⇒
∂

∂Z
̂Y = ( ̂Y)2 (1 − ̂Y)

̂Y e−Z =
(1 − ̂Y)

̂Y
⇒

∂
∂Z

̂Y = ̂Y(1 − ̂Y)
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Logis&c	Regression	

Par&al	Deriva&ve	of	 	w.r.t	L(W, β) ̂Y

Z = WTX + β

Logis&c	Regression	Model

L(W, β) = −
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y)

∂
∂ ̂Y

L(W, β) =
∂

∂ ̂Y (−
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y))
⇒

∂
∂ ̂Y

L(W, β) = −
1
n

n

∑
i=0

∂
∂ ̂Y

(y loge ̂y + (1 − y) loge(1 − ̂y))

⇒
∂

∂ ̂Y
L(W, β) = −

1
n

n

∑
i=0

y
̂y

+
1 − y
1 − ̂y

∂
∂ ̂Y

(1 − ̂y)

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z
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Logis&c	Regression	

Par&al	Deriva&ve	of	 	w.r.t	L(W, β) ̂Y

Z = WTX + β

Logis&c	Regression	Model

L(W, β) = −
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y)

⇒
∂

∂ ̂Y
L(W, β) = −

1
n

n

∑
i=0

y
̂y

+
1 − y
1 − ̂y

∂
∂ ̂Y

(1 − ̂y)

⇒
∂

∂ ̂Y
L(W, β) = −

1
n

n

∑
i=0

y
̂y

+
1 − y
1 − ̂y

(−1)

⇒
∂

∂ ̂Y
L(W, β) = −

1
n

n

∑
i=0

y
̂y

−
1 − y
1 − ̂y

=
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂ ̂Y

L(W, β)

∂
∂Z

̂Y

∂
∂W

Z

∂
∂β

Z
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Logis&c	Regression
Logis&c	Regression	Cost	Func&on

L(W, β) = −
1
n

n

∑
i=0

y loge ̂y + (1 − y) loge(1 − ̂y)

̂Y = σ(WT X + β)

Z = WT X + β

σ(x) =
1

1 + e−x

∂
∂W

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂W
Z

Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	 	and	W β

∂
∂β

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂β
Z

∂
∂ ̂Y

L(W, β) =
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂Z

̂Y = ̂Y(1 − ̂Y)

∂
∂W

Z = X

∂
∂β

Z = 1

We’ve	computed	the	4	parGal	derivaGves
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Logis&c	Regression

∂
∂W

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂W
Z

Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	W We’ve	computed	the	4	parGal	derivaGves

∂
∂ ̂Y

L(W, β) =
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂Z

̂Y = ̂Y(1 − ̂Y)

∂
∂W

Z = X

∂
∂β

Z = 1

⇒
∂

∂W
L(W, β) = ( 1

n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y ) ̂Y(1 − ̂Y) X

⇒
∂

∂W
L(W, β) = ( 1

n

n

∑
i=0

[ −y + ̂yy + ̂y − ̂yy
̂y(1 − ̂y) ]) ̂Y(1 − ̂Y) X

⇒
∂

∂W
L(W, β) = ( 1

n

n

∑
i=0

[ ̂y − y
̂y(1 − ̂y) ]) ̂Y(1 − ̂Y) X
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Logis&c	Regression
Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	W We’ve	computed	the	4	parGal	derivaGves

∂
∂ ̂Y

L(W, β) =
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂Z

̂Y = ̂Y(1 − ̂Y)

∂
∂W

Z = X

∂
∂β

Z = 1

⇒
∂

∂W
L(W, β) = ( 1

n

n

∑
i=0

̂y(1 − ̂y)) X

⇒
∂

∂W
L(W, β) = ( ̂Y − Y)X

⇒
∂

∂W
L(W, β) =

1
n ∑n

i=0 ( ̂y − y)
̂Y(1 − ̂Y)

̂Y(1 − ̂Y) X

⇒
∂

∂W
L(W, β) = ( 1

n

n

∑
i=0

[ ̂y − y
̂y(1 − ̂y ]) ̂Y(1 − ̂Y) X

Q.E.D
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Logis&c	Regression
Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	β We’ve	computed	the	4	parGal	derivaGves

∂
∂ ̂Y

L(W, β) =
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂Z

̂Y = ̂Y(1 − ̂Y)

∂
∂W

Z = X

∂
∂β

Z = 1

∂
∂β

L(W, β) =
∂

∂ ̂Y
L(W, β)

∂
∂Z

̂Y
∂

∂β
Z

⇒
∂

∂β
L(W, β) = ( 1

n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y ) ∂

∂Z
̂Y

∂
∂β

Z

⇒
∂

∂β
L(W, β) = ( 1

n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y ) ̂Y(1 − ̂Y) 1

⇒
∂

∂β
L(W, β) = ( 1

n

n

∑
i=0

[ −y + ̂yy + ̂y − ̂yy
̂y(1 − ̂y) ]) ̂Y(1 − ̂Y) 1
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Logis&c	Regression
Par&al	Deriva&ves	of	the	Cost	Func&on	w.r.t	β We’ve	computed	the	4	parGal	derivaGves

∂
∂ ̂Y

L(W, β) =
1
n

n

∑
i=0

−
y
̂y

+
1 − y
1 − ̂y

∂
∂Z

̂Y = ̂Y(1 − ̂Y)

∂
∂W

Z = X

∂
∂β

Z = 1

∂
∂β

L(W, β) = ( 1
n

n

∑
i=0

[ −y + ̂yy + ̂y − ̂yy
̂y(1 − ̂y) ]) ̂Y(1 − ̂Y) 1

∂
∂β

L(W, β) = ( 1
n

n

∑
i=0

[ ̂y − y
̂y(1 − ̂y) ]) ̂Y(1 − ̂Y)

∂
∂β

L(W, β) =
1
n ∑n

i=0 ( ̂y − y)
̂Y(1 − ̂Y)

̂Y(1 − ̂Y)

∂
∂β

L(W, β) =
1
n

n

∑
i=0

( ̂y − y) = ̂Y − Y
Q.E.D
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Cost	Func&on	&	Gradient	Descent	for	Logis&c	Regression
An	introducGon	to	the	Cost	funcGon	for	LogisGc	Regression	long	with	its	parGal	derivaGve	(the	gradient	vector).		The	
model	parameters	(B	&	W)	are	then	opGmized	using	Maximum	Likelihood	EsGmaGon	and	Gradient	Descent.
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