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ŷ0
ŷ1
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• 	is	a	 	matrixX (n + 1) × (k + 1)
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= (Xβ)TY

https://arrsingh.com
https://creativecommons.org/licenses/by-nc-sa/4.0/


Copyright	(c)	2025,	Rahul	Singh,	licensed	under	CC	BY-NC-SA	4.0	(hDps://creaGvecommons.org/licenses/by-nc-sa/4.0/)	 11

Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒
∂

∂β
YTY −

∂
∂β

YTXβ −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 −
∂

∂β
YTXβ −

∂
∂β

βTXTY +
∂

∂β
βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
(XTY)T β +

∂
∂β

βTXTXβ = 0

Proof:	βT XTY = (XTY )β
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• 	is	a	scalar	( )⇒ (Xβ)TY 1 × 1
• 	is	symmetric	

Scalars	are	always	symmetric
⇒ (Xβ)TY

• 	is	symmetric⇒ βT XTY
• if	 	is	symmetric	then	A A = AT

• therefore…

βT XTY = (βT XTY )T

= (XTY )T β

βT XTY = (βT XT)Y
= (Xβ)TY
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒
∂

∂β
YTY −

∂
∂β

YTXβ −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 −
∂

∂β
YTXβ −

∂
∂β

βTXTY +
∂

∂β
βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
(XTY)T β +

∂
∂β

βTXTXβ = 0

Proof:	βT XTY = (XTY )β

• 	is	a	 	matrixX (n + 1) × (k + 1)
• 	is	a	 	column	vectorβ (k + 1) × 1
• 	is	a	 	column	vector⇒ Xβ (n + 1) × 1
• 	is	 	row	vector⇒ (Xβ)T 1 × (n + 1)
• 	is	a	 	column	vectorY (n + 1) × 1
• 	is	a	scalar	( )⇒ (Xβ)TY 1 × 1
• 	is	symmetric	

Scalars	are	always	symmetric
⇒ (Xβ)TY

• 	is	symmetric⇒ βT XTY
• if	 	is	symmetric	then	A A = AT

• therefore…

βT XTY = (βT XTY )T

= (XTY )T β

βT XTY = (βT XT)Y
= (Xβ)TY

Q.E.D
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒
∂

∂β
YTY −

∂
∂β

YTXβ −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 −
∂

∂β
YTXβ −

∂
∂β

βTXTY +
∂

∂β
βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
(XTY)T β +

∂
∂β

βTXTXβ = 0
(AB)T = BT AT

(AT)T = A
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒
∂

∂β
YTY −

∂
∂β

YTXβ −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 −
∂

∂β
YTXβ −

∂
∂β

βTXTY +
∂

∂β
βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
βTXTY +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
(XTY)T β +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

(AB)T = BT AT

(AT)T = A

https://arrsingh.com
https://creativecommons.org/licenses/by-nc-sa/4.0/


Copyright	(c)	2025,	Rahul	Singh,	licensed	under	CC	BY-NC-SA	4.0	(hDps://creaGvecommons.org/licenses/by-nc-sa/4.0/)	 13

Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0 ∂
∂β

Aβ = A
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX − YTX +
∂

∂β
βTXTXβ = 0

∂
∂β

Aβ = A
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX − YTX +
∂

∂β
βTXTXβ = 0

∂
∂β

Aβ = A

⇒ 0 − YTX − YTX + 2βT(XTX) = 0
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX − YTX +
∂

∂β
βTXTXβ = 0

∂
∂β

Aβ = A

∂
∂β

βT Aβ = βT(AT + A)

∂
∂β

βT Aβ = βT(A + A)

∂
∂β

βT Aβ = 2βT A

if	 	is	symmetric…A⇒ 0 − YTX − YTX + 2βT(XTX) = 0
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX − YTX +
∂

∂β
βTXTXβ = 0

∂
∂β

Aβ = A

⇒ 0 − YTX − YTX + 2βT(XTX) = 0

⇒ − 2YTX + 2βT(XTX) = 0 Combining	the	two	terms
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	SSR	is	minimized.β

⇒ 0 − YTX −
∂

∂β
YTXβ +

∂
∂β

βTXTXβ = 0

⇒ 0 − YTX − YTX +
∂

∂β
βTXTXβ = 0

∂
∂β

Aβ = A

⇒ 0 − YTX − YTX + 2βT(XTX) = 0

⇒ − 2YTX + 2βT(XTX) = 0

⇒ 2βTXTX = 2YTX

Combining	the	two	terms

Adding	 	to	both	sides2YTX
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX Divide	both	sides	by	2
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

Divide	both	sides	by	2
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

Divide	both	sides	by	2

Transpose	both	sides
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

Divide	both	sides	by	2

Transpose	both	sides
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

Divide	both	sides	by	2

Transpose	both	sides

(AB)T = BT AT

(AT)T = A
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

⇒ XTXβ = XTY

Divide	both	sides	by	2

Transpose	both	sides

(AB)T = BT AT

(AT)T = A
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

⇒ XTXβ = XTY

Divide	both	sides	by	2

Transpose	both	sides

(AB)T = BT AT

(AT)T = A

MulGply	both	sides	by	(XTX)−1
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

⇒ XTXβ = XTY

⇒ β = (XTX)−1(XTY)

Divide	both	sides	by	2

Transpose	both	sides

(AB)T = BT AT

(AT)T = A

MulGply	both	sides	by	(XTX)−1
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Mul$ple	Regression:	Compute	the	matrix	 	such	that	the	MSE	is	minimized.β

⇒ 2βTXTX = 2YTX

⇒ βTXTX = YTX

⇒ (βTXTX)T = (YTX)T

⇒ XTXβ = XTY

⇒ β = (XTX)−1(XTY) Q.E.D

Divide	both	sides	by	2

Transpose	both	sides

(AB)T = BT AT

(AT)T = A

MulGply	both	sides	by	(XTX)−1
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Related	Tutorials	&	Textbooks
Simple	Linear	Regression
A	staGsGcal	technique	of	making	predicGons	from	data.	The	tutorial	introduces	a	linear	model	in	two	dimensions	and	
uses	that	model	to	predict	the	value	of	one	dependent	variable	given	one	independent	variable.

Gradient	Descent	for	Mul$ple	Regression
Gradient	Descent	algorithm	for	mulGple	regression	and	how	it	can	be	used	to	opGmize	k	+	1	parameters	for	a	Linear	
model	in	mulGple	dimensions.

Recommended	Textbooks

Introduc$on	to	Linear	Regression	Analysis	
by	Douglas	C.	Montgomery,	Elizabeth	A.	Peck,	G.	Geoffrey	Vining	

For	a	complete	list	of	tutorials	see:	
hDps://arrsingh.com/ai-tutorials

Mul$ple	Regression
MulGple	regression	extends	the	two	dimensional	linear	model	introduced	in	Simple	Linear	Regression	to	k	+	1	
dimensions	with	one	dependent	variable,	k	independent	variables	and	k+1	parameters.	
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